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Point and Interval Estimation, From One-Order
Statistic, of the Location Parameter of an Extreme-
Value Distribution with Known Scale Parameter
and of the Scale Parameter of 2 Weibull
Distribution with Known Shape Parameter

ALBERT H. MOORE axv H. LEON HARTER

Abstract—~This paper derives a one-order statistic estimator
tima I for the location parameter of the (first) extreme-value dis-
tribution of smallest values with cumulative distribution function
Ferah) = 1 — cxp | —expl(r-u)/b]] using the minimum-variance
unbiased one-order stetistic estimator for the ucale parameter of an
exponential distribution, as was done in an earlier paper for the scale
parameter of a Weibull distribution. It is shown that exact confi-
dence bounds, based on one-order statistic, can be easily derived
for the location parameter of the extreme-value distribution and for
the scale parameter of the Weibull distribution, using exact confi-
dence bounds for the scale parameter of the exponential distribution.
The estimator for 1 is shown to be / 10 cmu + Fmn Where raq is the
mh order statistic from an ordered sample of size n from the extreme
-value distribution with scale parameter ; and rn. is the coefficient
for a one-order statistic estimator of the scale parameter of an
exponential distribution. Values of the factor cma, which have pre-
viously been tabulated for n = 1(1)20, are given for n = 21(1)M0.
The ratios of the mean-square-errors of the maximum-likelihood
estimators based on m order stutistics to those of the one-order
statistic eatimators for the location parameter of the extreme-value
distributica and the scale perameter of the Welbull distribution are
investigated by Monte Carlo methods. The use of the table and
related tobles is discussed and illustrated by numerical examples.

I. InTRODUCTION

IN A PREVIOUS PAPER, Harter and Moore [1] have
derived « maximum-likelihood and an unbissed estimator
f]b and alb of the location parameter of the extreme-value
distribution with known seale parameter, based on the
first m out of n ordered ohservations. However. in many
practiczl applications an inefficient estimator may be
chosen for its inherent simplicity. Harter [2] found the
minimum-variance unbiased one-order statistic estimator
for the scale purumeter o of the exponentinl distribution,
from a sample of size n. Moore and Harter [3)] tabulated
the coefficient ¢ne of the minimum-variance unbiased one-
order statistic estimator for the scale parameter of the
exponential distribution from a censored sample of size m
from a life test of n items [n = 1(1)20] and showed how it
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could be used to obtain a one-order statistie estimator for
the senle parameter of Weibull populations with known
shape purameter. By use of the coefficient of the mth order
statistic, computed for estimation of the seale parameter of
the exponential distribution, it is shown in Section II that
a consistent onc-order statistic estimator for the scale
parameter of the extreme-value distribution with known
scale parameter ean be obtained. The values of ¢, ure
given in Tuble I, along with the relative efficiencies of the
onc-order statistic estimators of the scale parameter o
of an exponentinl distribution as compared with the un-
binsed m-order statistic estimators, for n = 21(1)40,
m = 1(1)n, and k = min(m,r), where the rth order statistic
is optimal for the complete sample. In Sections I and IV
it is shown that exact confidence bounds, based on one-
order statistic, can he derived for the location parameter of
the extreme-value distribution and the seale parameter of
the Weibull distribution using the coefficients of the exact
confidence bounds, found by Harter [4], for the scale
parameter of an exponcntial distribution. In Section V a
Monte Carlo comparison of the relative merits of the one-
onder statistic estimators and the maximum-likelihood
estimators is given. In Section VI, the use of Table I and
related tables is discussed and illustrated by numerical
examples.

II. MATHEMATICAL FORMULATION

If ¥ has an exponential distribution with scale param-
eter ¢ and location parameter zero, then X = b In Y has
the (first) extreme-value distribution with u = b In ¢ as
location parameter and b as scale parameter. A one-order
statistic estimator for the scale parameter of the ex-
ponential distribution is given by

& ™= Conl/mn (l)
where
Con = 1/[ :'zll/(n -t 1)] @

and ya, is the mth order statistic from an ordered sample
of aize n from the exponential dintributi\n. Therefore, an
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estimntor for u ix given by

i =bing

§

bln (Cmalfms}

¥

bIncmn + 610 Yma
and since r = b in y we obtain

i = bincne + T 3)
where ¢, is given by €2) and ¢, is the wmth ond o1 statistie
from an ordersl sample of size 1 from the extremevahie
distribution. Now s is a consistent estimator of the loca-
tion parameter u of the extreme-value distribution, sinee
u = bin o and & it a consistent extimator for the seale
parameter ¢ of the exponential population.

Similarly, as was shown i an earlier paper [3}, f ¥
has an exponential distribution with seale parameter o
then T = YVX has a Weibull distribution with shape
parameter K, seale parameter @ = o' X, and

8 = cart Flan )
is a consistent estimator for @ and {,, s the mth order
statistic from a Weibull distribution with shape parameter
K.

The coeflicient ¢, has been tabulated for n = 2(1320
by Moore and Harter [3). The values of the coeflicient are
given for n = 210140 in Table [, in which it 1s callid ¢,
where & = min tm,r), the kth order statistic being optimal
for extimation from the tirst e onder statisties of a sunple
of size n and the rth order statistic being optimal for
estimation from the complete sample,

1L

Exacr ConripestE Bovsps FoR THE LocaTion
PARAMETER OF THE EXTREME-VALUE IISTRIBUTION

Harter [4] hus obtained exact upper and lower bounds
and eentral confidence intervals for the seale parameter of
the one-parumeter exponential distribution for a wide
range of canfidenee levels based on the mih order statistie
Y 0F 8 sample of size n. The coeflicients Bya, .. have
been tabulated for 1 = 1(H200240 for all m optimal. Let
us introduce the notation

Dte = Bim timg aitd Dy = Boc Ymae

Now the exnet confidence mterval based on oneorder
~tatistic is given by
’)(n_'lnu. < o< l)...y.....

Let X = bln Y and we obtain
Deae™ ' < 0 < Dyme’™*

where Ia. is the inth order statistic in a sample of size n

from the extrem-value distribution. Now take the natural

logarithm of the terms of the inequality, multiply by b

and we obtain

binDig+ Zan <bineo <bin Dy + 1o
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But u = b In o: therefore, hy substitution, we obtain the
follow g

bIn Dy + sme << u < bl Dy + Frem (6)
which gives an exact central confidence interval with the
same kevel of confidence given by the tabulated values of
Btw t1me = Dearnd B 40, = Dym. Therefore we have a
simple method of computing exact central confidence
mtervals or uppsr and lower eoufidence bounds for the
location parameter of the extreme-value distribution, with
seale parameter b, based on one-arder statistie,

IV, Exacr ConFmpesce Bovaps FOR THE SCALE
PARAMETER OF THE WEIBULL DisTRIBUTION wiTh Kxows
SHAPE PARAMETER

H the random variable T has a Weibull distribution with
shape parameter K then it is easily shown that ¥ = TX¥
has an exponential distribution with 8 = oY% In in-
equality (5) replace ya, by 1.,~, the Ath power of the mth
order statistic frem a Weibull distribution with shape
parameter K, and we obtain

Dinla® < 0 < Dumdwn®. (")
Take the Kth root of each member of (7) and obtain
Din! Bton < o' ¥ < D, Kl (8)
But 8 = ¢' ¥ und therefore
Dt Kl < 8 < Dyt Ry wm

givex an exact central confidence interval for the scale
puaramieter of Weibull distributions with known shape
parameter K.

V. MoxTe CakLo STUpy ofF Ratios oF MEAN-SQUARE-
Errons

It seemed ressonable to the authors to conjecture that
the ratios of the meun-square-errors of the m-order-
statistic estimator und of the oneorder statistic estimator
for both the seale parameter of 4 two-parmneter Weibull
distribution with known shape parameter and the location
purameter of an extreme-value distribution with known
seale parameter are closely approximated by the relative
efficiency of the one-order statistic estimator of the scale
paranieter of an one-parameter exponential distribution as
compared with the s order statistic estimator, which has
been tabulated Ly Moore and Harter {3] for a = 1(1)20
and in Table I of the present paper for n = 21(1)40. (1t
should be noted that one may speak of relative efficiency
in the ease of the expouential distribution, sinee the esti-
mators are unbiased, but only of ratios of mean-square-
errors in the eases of the Weibull and extreme-value
distributions, for which the estimators are biased.) In order
to check the validity of the conjecture, a Monte Carlo
study of the ratios ot mean-square-errors was performed.
One thousand random samples each of size n [n = 1(1)40]
fror a one-parameter exponential distribution with scale
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parameter 1 were generated in the TBM 7004 computer.
These were trunsformesd into sanples from a 2-parancter
Webult distrbution with shape parmneter 2 and from an
extreme-value distribution with seale parameter {0 From
ewch sample. the oncorder statistic estiate gad the m
order statistic estimate, based on the first e order statis-
tes o= 1, of the seude paramicters of the exponential
and Wetball distributions and of the location parameter of
the extrenu—value distribition were computed. Vor cach
distribution and for exeh cordnnation of w and n, the
ratic of the mean-square-error of the w order statistic
estimates to tha! of the ontcorder stafistie estimates was
caleuluted. Fxeept for fuctuations die to randon sam-
pling, the ratio of mean-squarc-crrors in the ease of the
exponentinl distribution should agree with the tabulated
relative efficiencies, amd it was found that the agreenwnt
was quite good. Morcover, it was found that the ratios of
mean-square-errors in the cases of the Weibull and ex-
treme-value distributicns  agreed  with  the tabulated
relative efficiencies almost as well as did those for the
exponential distribution, thus confirming the conjecture.

VIi. Usk ofF TasLe T aAxp Revatep TabBLEs, wiThH
NoUMERICAL BKxaMpLes

Table I gives the coeflicient of e op thnum single-order
statistic (the #th) in an unbiased estimator of the seale
paranieter of a cne-parameter exponential distribution
from the first m order statisties of a sample of size nln =
21(1)40}, and the relative efficiency of the oneorder
statistic estimator as compared with the m order statistic
estimator. [t is a rondensed extension of the similar table
for n = 1(1)20 given by Moore und Harter {3], which also
includes columns giving the variances of the two esti-
mators, These columns have heen omitted from Table I to
save space, which ean be done without loss of information,
since the variance of the m order statistic estimator is
simply 1.'m and that of one-order statistic estimator ¢an
be found by dividing 1 ‘m by the relative efficiency. These
two tables can also be used to obtain consistent one-order
statistic estimators of the scale parameter of a two-
parameter Weibull distribution with known shape param-
eter und of the location parameter of an extreme-value
distribution with known secule parameter, together with
their approximate “efficiencies” (ratios of mean-square-
errors) relative to the m order statistic estimators. Harter
[4] hax tabulated coetlicients of optimum order statistics in
exaet upper and lower confidence bounds, based on one-
order statistie, for the seale parameter of a one-parameter
exponential distribution. These may also be used to obtain
exart confidence bounds, based on onc-order statistic, for
the scale parameter of a two-parameter Weibull distribu-
tion with known shape parameter and for the location
parameter of an extreme-value distribution with known
scale parameter.

As an example of the previvusly mentioved uses of
Table I and related tables, onsider the following tabula-
ticn of data (observed failure tiines in hours) resulting
from a simulated life test on {orty components:

K] 33 Y [55 w2 2 114 142
10 14 ) ) 85 ki iib 144
17 36 HL) 66 " 1% 17 151
42 he 61 67 w2 Hin 124 [
32 D o4 6N Wl 114 1349 tu)

Nuppose that the experimenter knows that these data have
come from i two-parsmeter Weibull distribution with
shape parumeter K = 2.0, amwd that he wishes to find a
point estimate ad 80 pereent fower and upper confidenee
bounds on the scale parameter 8. Harter and Moore [5]
have previously dotss tos for estimates basevd on the lirst
m order statisties {m = 8@&340}. From Tuble [ of the
present paper and from Table T of Harter [4] one finds
that, for a one-paranuter expoiental distribution, the
optimum-order statistic for eblaining a point estimator
and the 80 percent fower and upper conhidenee bounds on
the srale purameter is 32, with coefheients 0.64074,
0.533447, and 0.768717, respectively. Substituiing these
values in (43 anc (). one finds that the ponst estimate of
the seale parameter of the Weibull distribution from which
the above sample came s \/l).('rﬂﬂ-!(l 16) = 9249, the 9
pereent lower confidence bound i V0L533447(116) = 86.3
and the 80 pereent upper confidence bound is V0.768717
(116) = 10L.7. as vompared with results 93.7, 87.6, and
101.7 obtaied from the first 32 order statistics, 93.3, 87.8,
and 100.3 obtained from all 40 observations, and the true
population parameter of 100.

Now vonsider the sune data transformed to data from
an extreme-valee distribution with seale parameter b = 0.5
by taking natural logarithms.

|

1609  3.497  $ CU7 4174 407 4625 3736 4 966
2238 352 4080 4174 4443 4635 4754 4 963
258 358 4060 4190 4 50 4.663 4762 5 017
3.466 G UN0 4111 4205 4 522 4.673  4.820 5 063

4 4 4738 1w 5.273

3. 466

07 4154

1.200

522 L4334

Using the same tabular values, one finds by substituting in
(3) and (6) that the point estimate of the location param-
eter of the extreme-value distribution is 0.5 In 0.64074 +
175 = 4.531, the B0 percent lower confidence bound is
0.5 In 0.553447 + 4.754 = 4.458, and the 80 percent upper
confidence bound is 0.5 In 0.768717 + 4.754 = 4.623, as
compured with results {1} 4.341, 4.474, and 4.624 based
on the first 32 order statistics, 4.537, 1,476, and 4.610
based on all 40 observations, and the true population
parameter of 4.603 (= In 100).
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